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INTERSECTION THEORY AND THE HORN INEQUALITIES 
FOR INVARIANT SUBSPACES 

H. BERCOVICI AND W. S. LI 


Abstract. We provide a direct, intersection theoretic, argument that the Jor¬ 
dan models of an operator of class Cq , of its restriction to an invariant subspace, 
and of its compression to the orthogonal complement, satisfy a multiplicative 
form of the Horn inequalities, where ‘inequality’ is replaced by ‘divisibility’. 
When one of these inequalities is saturated, we show that there exists a split¬ 
ting of the operator into quasidirect summands which induces similar splittings 
for the restriction of the operator to the given invariant subspace and its com¬ 
pression to the orthogonal complement. The result is true even for operators 
acting on nonseparable Hilbert spaces. For such operators the usual Horn 
inequalities are supplemented so as to apply to all the Jordan blocks in the 
model. 


1. Introduction 

Consider a complex Hilbert space Tl and an operator T of class Cq acting on 
it. It is known (see nna) that T is quasisimilar to a uniquely determined Jordan 
model, that is, to an operator of the form 

0 s{e^), 

where the sum is indexed by ordinal numbers n less than some cardinal H and each 
On is an inner function in the unit disk such that divides 9m if card(TO) < card(n). 
If T-L' is an invariant subspace for T, the restriction T\H' and the compression 
P-H"T\H'', H" = H 0 H', are of class Co as well, and therefore they have Jordan 
models, say 

0 5(C) and 0 5(C). 

(Note that the first ordinal in the sum is 1 rather than 0 as in [3]. This way of 
labeling the Jordan blocks is more convenient for stating the Horn inequalities.) It 
has been known for some time that the functions {0^, Cj C ■ 1 < n < Kq} 

satisfy a version of the Littlewood-Richardson rule provided that 

OO 

A = 1 

n—1 

and, due to results of [laiin], this is equivalent (in the case of finite multiplicity N) 
to saying that HAi = nAi(^n^n)> and that these functions satisfy a collection 
of divisibility relations, analogous to the Horn inequalities. The collection of these 
divisibility relations is indexed by triples of Schubert cells in a Grassmann variety 
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whose intersection has dimension zero. It is natural to ask whether a direct con¬ 
nection between these divisibility relations and intersection theory can be made. 
Indeed, in the context of hnitely generated torsion modules over a principal ideal 
domain, such a connection was made in m. and it is our purpose to extend that 
approach to the context of arbitrary Cq operators. The result is that a sufficient 
number of these divisibility relations can be obtained from special invariant sub¬ 
spaces M of T. More precisely, assume that T\M has cyclic multiplicity r < oo, 
set M' = MC\ , M" = Pn”M, and let 

r r r 

^-S'(a") 

n—1 n—1 n—1 

be the Jordan models of T\M, T\M', and respectively. It is known [5] 

that 

r r 

11 “" = 

n—1 n—1 

where we use the notation ip = ip to indicate that the quotient of the inner functions 
p and Ip is & constant (necessarily of absolute value equal to 1). We show that M can 
be chosen in such a way that is divisible by a product of the form Jln^i ; 

while the products a" divide d'p.^ respectively, thus 

establishing that rin^l divides ) for certain indices : i = 

1,2,..., r}. Moreover, in case this last divisibility is an equality, we show that Ai 
is, in a weak sense, a reducing subspace for T, with similar statements about A4' 
and At". Two special cases of this result were proved in [7], but the methods of 
that paper do not seem to extend beyond the two classes of inequalities considered 
there. The existence of such (almost) reducing spaces is analogous to the existence 
of common reducing spaces for selfadjoint matrices whose sum saturates one of the 
Horn inequalities (see [H]). 

When the space Ti is separable, the summands S'(0„) in the model of T are 
constant for n > Hp, which means that S{9n) acts on a space of dimension zero 
which can then be omitted from the sum. One may ask what form the divisibility 
relations take in the nonseparable case. The only additional relations state that 
9n divides 9^9'^ when n > Kp. Just as in the case of the Horn relations, these 
divisibility relations can be obtained by exhibiting an invariant subspace Ai for T 
which, in this case, is reducing in the usual sense for T and for Pu'- 

The divisibility relations we consider were studied earlier when T-L is finite dimen¬ 
sional. We refor to m for a survey of these results. The Littlewood-Richardson 
rule in this context and, indeed, in the case of finitely generated modules over a 
discrete valuation ring, was first proved in m (see also [20] for a different argu¬ 
ment.) The basic ideas in this paper originated in the study of singular numbers 
for products of operators |S] and in the study of torsion modules over principal 
ideal domains m- The techniques we use are necessarily different, and they may 
obscure to some extent the essential simplicity of the arguments. 

The remainder of this paper is organized as follows. Section |2] contains some 
preliminaries about the class Cq and intersection theory. In Section Owe consider 
special invariant subspaces for operators of class Cq with hnite defect indices. In 
Section O we prove the Horn divisibility relations, first for contractions with hnite 
multiplicity and then in general. The relations pertaining to for n > Hp are 
established in SectionjSj We conclude in Section [6] with a discussion of the ‘inverse’ 
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problem: given Jordan operators 

^=0 ^'=0 j"= 0 5(0::), 

l<n<^ l<n<t^ l<n<N 

do there exist a Cq operator T and an invariant subspace %' for T such that T, 
T\'H', and are quasisimilar to J, J', and J", respectively? 

2. Preliminaries 

Recall [23] that an operator T acting on a complex Hilbert space T-iis a. contrac¬ 
tion if ||T|| < 1, and it is a completely nonunitary contraction if, in addition, T has 
no unitary restriction to any invariant subspace. Given a completely nonunitary 
contraction T on 'H, the usual polynomial calculus p i-A p{T) extends to a functional 
calculus (discovered by Sz.-Nagy and Foias) defined on the algebra H°° of bounded 
analytic functions in the unit disk D = {AsC:|A|<l}. The operator T is of 
class Co if the ideal J't = {u G H°° : u{T) = 0} is not zero, in which case Jt is 
a principal ideal generated by an inner function tot, uniquely determined up to a 
scalar factor and called the minimal function of T. 

The simplest operators of class Cq are the Jordan blocks. Given an inner function 
9 G H°°, the Jordan block S{9) is obtained by compressing the unilateral shift S 
on the Hardy space to its co-invariant subspace 

n{e) = H^e9H^. 

A Jordan operator is, as already indicated in the introduction, an operator of the 
form 

^=0 SiOr,), 

l<n<K 

where H is a cardinal number (that is, the smallest ordinal of some cardinality) and, 
for each ordinal n, 0„ is an inner function such that 0n|0m whenever card(n) > 
card(m). (We write iplip to indicate that is a divisor of if in H°°.) In particular, 
every 9n divides 9i which is in fact the minimal function of J. Note that, when 9 
is a constant inner function, we have 'H{9) = {0}, so summands with 0„ = 1 do 
not contribute to the sum defining a Jordan operator. One is tempted to write J 
as a direct sum extended over the entire class of ordinal numbers (with 0„ = 1 for 
sufficiently large n), but this does not seem wise if set theoretical decorum is to be 
maintained. 

The class Cq is completely classified by the relation of quasisimilarity. Two 
operators T,T' acting on respectively, are said to be quasisimilar if there 

exist continuous linear operators X : Ji ^ and Y : T-L' —>■ H which are one-to- 
one, have dense ranges, and satisfy the following intertwining relations 

XT = T'X, TY = YT'. 

We write T ~ T' to indicate that T is quasisimilar to T'. Quasisimliarity is a 
weaker relation than similarity, but it is just right for the class Cq. The following 
result is [21 Theorem HI.5.23]. 

Theorem 2.1. The quasisimilarity equivalence class of every operator of class Co 
contains a unique Jordan operator, called the Jordan model ofT. 
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Given an operator T of class Co, we may occasionally write 9^ for the inner 
functions in its Jordan model. In order to characterize these functions, we need 
the concept of cyclic multiplicity for an operator T. This is a cardinal number 
defined as the smallest cardinality of a subset C C TL with the property that the 
invariant subspace for T generated by C is the entire space 

n = \J{T^h : h & C,k >Q}. 

Proposition 2.2. ([21 Corollary IIL3.25])Gwen an operator T of class Cq on H, 
an inner function ys, and an ordinal number n > 1, the following statements are 
equivalent: 

( 1 ) _ 

(2) The cyclic multiplicity of the restriction T\ip{T)'H is at most card(n). 


Note again the shift n >—>■ n + 1 compared to the corresponding statement in 
[2]. This is immaterial for transfinite n for which we have as well as 

card(n + 1) = card(n). One way to use this result is as follows. If ^ 1 for some 
finite n, then T has a restriction to some invariant subspace which is quasisimilar to 
the direct sum of n copies of S{(p) for any nonconstant inner divisor (p oi 9'f^. This 
follows from the fact that S{ip) is unitarily equivalent to the restriction of S{ip) 
to some invariant subspace provided that p\ip- The (unique) invariant subspace 
in question is {tp/(p)H‘^ © If ^ 1 for some transfinite n, then T has a 

restriction which is quasisimilar to the direct sum of m copies of S{ip), where 

m is the smallest cardinal greater than n. Indeed m is precisely the cardinality of 
the set of ordinals {n' : card(n') = card(n)}. 

Another way to describe the structure of an operator in terms of its Jordan 
model is to use quasidirect decompositions of the Hilbert space. Let {TLi\i^i be 
a collection of closed subspaces of the Hilbert space TL. We say that TL is the 
quasidireet sum of the spaces {’Hijig/ if 

Ti=\/'H, 

iGl 

and, for each j G /, we have 


n,n 


\/TL. 


= {0}. 


Given a quasidirect decomposition TL = A4 V N, we say that A/” is a quasidirect 
complement of M. 


Theorem 2.3. ([21 Theorem HI.6.10])Tet T be an operator of class Cq on TL. For 
each ordinal n > 1, there exists an invariant subspace Tin C TL sueh that T\TLn 
is quasisimilar to S{9'^), and TL is the quasidirect sum of the spaces {TLn}. In 
addition, TLn+i T TLm+j if n and m are distinct limit ordinals and i,j < Hp. 


We note again that we do not run into any set theory difficulties because TLn = 
{0} for sufficiently large n. Since T\TLn has cyclic multiplicity equal to one when 
Hn ^ {0}, we can select for each n a vector Xn S TLn which is cyclic for T\TLn. A 
collection {x„} obtained this way will be called a Co-basis for the operator T. The 
vector xi is also known as a maximal vector for T. Just like a linearly independent 
set in a vector space can be completed to a basis, a partial Cp-basis can be completed 
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to a Co-basis. We formulate the result for the case of finite multiplicity, in an 
essentially equivalent form. The proof is contained in [3l Theorem III.6.10]. The 
last statement follows from the main result of [5] . 

Proposition 2.4. Let T be an operator of class Co on Ti. Assume that k is a 
positive integer, and that A4 C LL is an invariant subspace for T such that T\M is 
quasisimilar to 

0^(0- 

n—1 

Then M has a T-invariant quasidirect complement. If M is such a complement of 
A4, the Jordan model ofT\J\f is 

0 s{o'^+k)- 

n>l 

If two T-invariant subspaces A4, N are quasidirect complements of each other and 
ifT\Ai is quasisimilar to 

0^(C,), 

where 1 < ni < n 2 < ■ ■ ■ < < Ho, then T\J\f is quasisimilar to 

0 S{9l). 

n^{ni,n2,...,nk} 

In the case of operators of finite multiplicity it is somewhat easier to verify that 
a system of vectors is a Co-basis. 

Proposition 2.5. Let T be an operator of class Cq on TL and let S{9n) be 

the Jordan model ofT. Assume that the vectors {hn}n=i C H satisfy the following 
properties: 

(1) The smallest invariant subspace for T containing {hn}n=i TL. 

(2) 0„(T)h„ = 0. 

Then {hn}n=i Is a Co-basis for T. 

Proof. Denote by TLn the cyclic space for T generated by Condition (2) implies 
that TlTLn S(ipn) for some inner divisor of 9n- Choose injective operators 
with dense ranges Xn ■ TL{(pn) TLn such that 

{T\Hn)Xn=XnSiipn), 71 = 1, 2, . . . , iV, 

and define X : TL(ipn) -^TLhy 

N N 

X[ui © U2 © • • • © Ujv) = ^ ^ XnUn, Til © 7i2 © ' ' ' © Uj^ G 0 npu)- 

n—1 n—1 

Then X has dense range, and [3] Theorem VI.3.16] implies that Y\n=i^n divides 
Tn- It follows that (fin = 9n, u = 1,2,..., N, and a second application of [31 
Theorem VI.3.16] implies that X is one-to-one as well. In fact, X implements an iso¬ 
morphism between the lattices of invariant subspaces of S(g:n) = S(9n) 

and T via the map A4 i— XA4, and this implies immediately the conclusion of the 
proposition. □ 
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There is a natural way to transform a Co-basis into another. We recall that the 
algebraic adjoint (or cofactor matrix) of an N x N matrix A is a matrix such 
that 

= A^'^A = det(A)/w, 

where In denotes the identity matrix of size N. Given functions u,v G H°°, at least 
one of which is nonzero, we denote by u A u their greatest common inner divisor. 

Corollary 2.6. Let T be an operator of class Cq on H with Jordan model S{9n), 

and let {hn}^^i C H be a Co-basis for T. Consider functions {unm}nm=i C H°° 
with the following properties: 

(1) 9l A det[unm\n,m=l = 1- 

( 2 ) 9ml9n divides Unm ifn>m. 

Then the vectors 

N 

h'^ = '^ Unm{T)hm, n=l,2,...,N, 

m—1 

also form a Co-basis for T. 


Proof. Denote by [vnm\n,m=i the algebraic adjoint of the matrix [unm]n,m=i^ 
set g = det[ri„m]^m=i that 


N 

^ ^ rnm.'^mk — ijh = 1, 2, . . . , A^. 

t=l 


We have 


N 

'^Vnm{T)h'^= g{T)hn, n = l,2,...,N, 
2=1 


so that the invariant subspace for T generated by contains g{T)'H. Con¬ 

dition (1) implies that g{T) has dense range, and therefore this invariant subspace 
is H. The corollary follows from Proposition 12.51 once we show that 9m{T)h'^ = 0. 
Indeed, since 9k\9m for k > m, 


m—1 

0m{T)h'^ = E '^mn {T)9m{T)hn 

n—1 


Condition (2) implies that 9n\umn9m and therefore all the terms in the sum above 
vanish. □ 


There is yet another quasidirect decomposition which serves as a substitute for 
the primary decomposition of torsion modules over a principal ideal domain. The 
following result is easily obtained from [21 Theorem II.4.6]. 

Proposition 2.7. Consider an operator T of class Co on a Hilbert space H. As¬ 
sume that the minimal function mT is factored as a product 

ruT = 7i72 • ■ • 7™ 

of inner functions such that 7 ^ A 7 ^ = 1 for i ^ j, and set Tj = mT/Aj for 
j = 1, 2, ..., n. Then TL is the quasidirect sum of the invariant subspaces 


j = l,2,...,n. 
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If A4 is an invariant subspace for T, we have 

TjiT)M=M nr,{T)n, j = 

and A4 is the quasidirect sum of the spaces A4j = Tj(T)A4. Moreover, M has 
an invariant quasidirect complement in Ti. if and only if each A4j has an invariant 
quasidirect complement in T-Lj. 

The decomposition of mr to which this proposition is applied arise as follows. 

Lemma 2 . 8 . (1) Consider functions m, fi, f 2 , ■ ■ ■, fk G H°° such that m is 

inner. There exist pairwise relative prime inner functions 71 , 72 ,..., 7 ™ in 
H°° with the property that m = 7172 • • • 7 n and the set of inner functions 

{/i A7j,/2A7i,...,/fc A 7 J 

is totally ordered by divisibility for i = 1,2,... ,n. 

(2) Consider inner functions 9 i,92,...,9n G such that 9j+i\9j for j = 
1,2,..., N — 1. There exists a factorization 9i = 7172 • • • 7 ™ into pairwise 
relatively prime inner factors with the following property: if lo is a noncon¬ 
stant inner factor of 7 fc for some k = 1,2,... ,n and 9j A jk is not constant 
for some j = 2,..., N, then 

Lo A9 j A'fk ^ 1 - 

Proof. For the proof, it suffices to consider the case when m is either a Blaschke 
product or a singular inner function. We only treat the case when 

■ /• 2 ’r g*t -| 

m(A) = exp J ^ ^ 

where /i is a singular measure on the interval [0, 27r). We have then 

■ X + e** 

(/j Ato)(A) = exp / -- ^hj{f)dp.{t) , A G D, j = 1,2 ...,/c, 

.Jo A — e 

where the functions hj : [0, 27r) [0,1] are Borel measurable. There is a Borel 

partition [ 0 , 27r) = IJ^ indexed by the permutations ct of { 1 , 2 ,..., fc} such that 

< K{2){t) < ■ ■ ■ < h^(fe)(t), t G A^, 

for each a. We write the function m as the product of the inner functions 

7 ^(A)=exp f , AgD. 

This decomposition satisfies the conclusion of (1). For (2), we assume again that 
the functions 9j are singular, so that 

■ \ _|_ git 

9j{X)=exp / -- j^hj{t)dfj,{t) , X GB,j = 1,2 .. .,N, 

.Jo A — e 

where the Borel functions hj are such that 

1 = hi A h2 A ' ‘' P hN > 0 . 

Define now Borel sets Bk = {t € [0, 27r) : hk{t) > hk+i{h) = 0}, fc = 1, 2,..., 
using the convention fc-Ar+i = 0 in the definition of Bn. The functions 

7 fc(A)=exp f ^ ^ dp{t) , A G D, fc = 1,2 ... ,iV, 
iJBk A-e J 




satisfy the requirements of (2) with n = N. The case of Blaschke products is treated 
similarly, with the functions hj being replaced by the functions i^j{X) representing 
the order of A S D as a zero of 9j. □ 

We need more precise information about the construction of the Jordan model for 
operators T of class Cq for which I — T*T has finite rank N. Such operators are said 
to be of class Co{N); they are constructed as follows. Consider an inner function 
0 on the unit disk whose values are complex N x N matrices. Thus, ||0(A)|| < 1 
for every A S D, and the the boundary values 0(C) are unitary matrices for almost 
every C S T = 9D. Such a function determines a multiplication operator Mq on 
the space i8> C^, and the space (S> C'^] is invariant for the shift S ^ I^n 

of multiplicity N. As in the case = 1, we write 

H{Q) = [i/2 (g, C^] 0 Me [i/2 ® C^], 

and denote by S{Q) the compression of S' 0 Ic^ to %[&). The operator S(0) 
constructed this way is of class Co{N') for some N' < N, and every operator of 
class Co{N) is unitarily equivalent to S(0) for some function 0 with the above 
properties. The Jordan model of S(0) can be obtained directly by finding an 
analogue of the Smith normal form for the matrix 0 [5^ . We recall the basic 

definitions. Assume that A and B are two p x q matrices with elements from i/°°. 
We say that A is quasiequivalent to B if, for any inner function w, there exist 
matrices AT, Y over i/°“ of sizes p x p,q x q, respectively, such that 

(2.1) XA = BY 

and the functions det(Ar), det(y) are relatively prime to to, that is, neither of them 
has any nonconstant common inner factors with u. Despite the asymmetry in 
the definition, quasiequivalence is an equivalence relation. Indeed, equation (EH) 
implies the relation 

XiB = AYi, 

where Xi = det(T)Al^‘^ and = det(X)T^‘^. According to E2 ]j everypxq matrix 
A over 7/°° is quasiequivalent to a matrix of the form 

■ 01 0 0 ■ • ■ 0 ■ 

0 02 0 ■• ■ 0 

0 0 03 ■ • ■ 0 

1 

_ 0 0 0 

where the functions 0i, 02,..., 0min{p,g} Eire inner or zero and satisfy 0n+i |0n- These 
functions are uniquely determined except for scalar factors of absolute value 1. None 
of the functions 0„ is zero if A has a nonzero minor of order min{p, q}. This result 
can be applied to an inner N x N matrix 0 to yield inner functions 0i, 02,..., 0Ar 
such that 0„+i |0n for u = 1, 2,..., A^ — 1, and N x N matrices X, Y over i/°° such 
that 

0a: = y0' 

and det(Al), det(y) are relatively prime to 0i, where 0' is the diagonal matrix with 
diagonal entries 0i, 02,..., 0Ar. The conditions on the determinants above can be 
written as 


det(X) A 01 = det(T) A 0i = 1. 
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Denote by yi, j/ 2 , • ■ •, J/at the columns of the matrix Y, which can be viewed as 
vectors in . In other words, yn = Y{l^en), where {en}n=i is the standard 

basis in C^. Then the results of [3T] say that = On for n = 1, 2, ..., TV, and 

the vectors {-pH( 0 ) 2 /n}i^Li form a Co-basis for S{Q). Note incidentally that S{Q) 
need not have multiplicity equal to N. Indeed, the last few of the functions On 
could be constant, and the corresponding vectors in the Co-basis would be 0. The 
following lemma provides a formulation of the Co-basis property in terms of the 
vectors yn- 

Lemma 2.9. With the above notation, assume that {un}n=i 

N 

( 2 . 2 ) 

n—1 

Then 0n\un for n = 1,2,..., N. 


Proof. Observe that 

N N 

UnVn = '^Y{Un<S) e„) 
n—1 n—1 


N 




N 

i ej = ex ^ ® e„, 

T ^n 

n—1 


and (|2.2p implies that 


N 

n=l 

because Mq is one-to-one. Therefore 

N N 

det(X) y] ^ ® 

n=l "" n=l 


as well, so that 0n\undet{X) for all n. Since On A det(X)|0i A det(X) = 1, we 
conclude that 0n\un, as claimed. □ 


We use repeatedly the following result about operators of class Co with finite 
multiplicity. The proof follows from [31 Proposition VII.6.9]. 

Proposition 2.10. Let T he an operator of class Cq on TL with px < -l-oo, let 
T' be a completely nonunitary contraction on TL' , and let X : TL' ^ TL be a linear 
operator with dense range such that XT' = TX. Then every invariant subspace A4 
for T is of the form XA4', where A4' is an invariant subspace for T'. IfT\A4 has 
a cyclic vector, then it also has a cyclic vector of the form Xh' with h' G TL'. 

It is useful to consider more general invariant subspaces oi S ® I^n . These are 
characterized by the Beurling-Lax-Halmos theorem [331 Theorem V.3.3]. 

Theorem 2.11. Consider an invariant subspace /C C for S(^I£n. There 

exist an integer r < N and an inner function 'b with values N xr complex matrices 
so that /C = Mqi [H^ 0 C]. 

The fact that is inner implies that it has nonzero minors of order r, and there¬ 
fore quasidiagonalization produces a matrix with r inner functions ■ ■ ■ ,'4’r 

on the main diagonal. We call the number r the rank of the invariant subspace /C, 
and observe that r is simply the multiplicity of the unilateral shift S 0 Icn |/C. We 
also use the notation 


d{X) = if 1-1^2 
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for the product of these functions. The function d(/C) is inner, and it is uniquely 
determined up to a scalar factor. In the special case when /C is of maximum rank 
r = N, we have 

d(/C) =det(4'). 

More generally, if 1^ is a unilateral shift of finite multiplicity on a space A4 and 
/C C A4 is an invariant subspace for V, we can define an inner function 

dMilC) 

by noting that V is unitarily equivalent to S' 0 Ic^ for some N, and identifying 
/C with the range of an inner function as above. The multiplicative property of 
determinants implies that 

dM{C) = dM{IC)dic{C) 

if £ C /C are invariant subspaces of rank N of V. 

Lemma 2.12. Let V be a unilateral shift of finite multiplicity on a space A4, and 
let K d M be an invariant subspace. The following conditions are equivalent: 

( 1 ) dM{1C)^l. 

(2) There exist an inner function (p G H°° and a vector f G M \ 1C such that 

p(y)f G jc. 

Proof. We assume without loss of generality that F = S ® /c" for some N G N, 
and that K. = M^[H^ (g) C*"] for some r G {l,2,...,iV} and some inner N x r 
matrix ik. Choose square matrices X,Y over H°° such that det(X) A dM{IC) = 
det(F) Adx(/C) = 1 and ikX = Y'^', where ik' has inner entries ^i,' 02 , • • •, V'r 
on the main diagonal, zero entries elsewhere, and 0 j_|_i| 0 j for j = 1, 2,..., r — 1. 
Denote by j/i, ?/ 2 , ■ • ■, Vr the columns of the matrix Y, and denote by ei, 62 ,..., Cr 
the standard basis in C’’, which we also view as a subspace of C^. Condition (1) 
is equivalent to 0i ^ 1. Assume first that 0i ^ 1, and observe that 

= ipiyi = T(0i 0 ei) = O ei) = ^'A(l O ei) 

belongs to the space /C, but yi ^ JC, as can be seen by repeating the proof of 
Lemma Thus (1) implies (2). Conversely, assume that 0i = 1 and a vector 
/ G (g) satisfies pf G K, for some inner function ip, say pf = tkh for some 

h G ® C’’. Note that the matrices A, Y above can now be chosen so that their 
determinants are relatively prime to p, and 4'' can be chosen to simply be the 
matrix representing the inclusion C’’ C C^. We have 

pAet{X)f = '^det{X)h = dtXX^'^h = Yd/'X^’^h, 

so that multiplying by yields 

pdet{X)Y^‘^f = det(y)4''A^‘^/i. 

Apply now the matrix X © I^N-r to both sides to obtain 

{X © Jcw-r) det{X)Y^'^pf = det(A) det(y)^''/i. 

In other words, since p A (det(A) det(y)) = \, p divides all the components of 
the vector ^k'h, and this simply means that h/p G © C'^. We conclude that 
/ = d!{h/p) does belong to /C, thus showing that property (2) does not hold. Thus 
(2) implies (1). □ 
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Corollary 2.13. Let V be a shift of finite multiplicity on a Hilbert space M, 
and let K. be an invariant subspace for V such that dMilC) = 1 and V\IC has 
multiplicity r. Fix an inner function uj S H°°. There exist vectors hi, / 12 ,... ,hr G 
1C with the following property: if the functions ui,U 2 ,.. .,Ur G H°° are such that 
Sj=i C u:(V)A4, then uj\uj for all j = 1,2,... ,r. 

Proof. We assume with no loss of generality that V = S <Si Ic^ on JCi = 0 C^, 

and Q = 0 C’’] for some inner function We apply quasiequivalence to 

obtain square matrices X,Y over H°° such that = Y'l!' and det(X) A w = 
det(F) A w = 1, where d'' is the matrix representing the inclusion C’’ C C^. 
We claim that the columns hi, h 2 , ■ ■ ■, hr of the matrix Y^' satisfy the required 
property. Indeed, the equation hj = Y'^'{l®ej) = 'I'X(l0ej) shows that hj G 1C. 
Assume now that X]j=i some h G 0 C^, where the coefficients 

Uj belong to H°°. We have 

r r r 

det(y) ® H ® ^3 = H ^3^3 = 

3=1 3=1 3=1 

and the divisibility ijj\uj follows because det(y) A w = 1. □ 

Subspaces JC with djviilC) = 1 are obtained as follows. Consider the field of 
fractions J) of i7°“. That is 2) = {g^/ip '■ T G H^,^} G H°° \ {0}}; recall that 
C 2). A unilateral shift V of finite multiplicity on JCl turns JCi into a module 
over H°°, and this module is contained in the finite dimensional vector space 2)At 
over 2). Indeed, 0 C^) = 2) 0 = 2)^, thus showing that dim2)(2)Af) 

equals the multiplicity of V. 

Lemma 2.14. Let V be a shift of finite multiplicity on a Hilbert space A4, and let 
Q C 2)A1 be a Tl-vector subspace. Then K. = QOAd is closed in A4, it is invariant 
for V, and = 1. Conversely, every invariant subspace 1C C M such that 

dM{lC) = 1 satisfies the relation K. — {'SIC) fl A4. 

Proof. We assume without loss of generality that 1^ = S' 0 Lcn so that 

r N 'I 

SM = 2) 0 = E Uj ®ej : ui,U2,... ,un GS > . 

The vector space Q is defined by a finite number of linear equations of the form 

N 

(2.3) ^ ~ 

with coefficients aj G S. The solution set of such an equation is not modified if 
we multiply all the coefficients by the same function in H°° \ {0}. We can thus 
assume that aj G H°° for all j. It follows that 1C = Qfl 0C^) consists of those 
vectors Y^^=i '^3 ® ^3 which the functions Uj G H^ satisfy all the equations (12.31) 
defining Q, an therefore K. is indeed closed. Finally, /C is easily seen not to satisfy 
property (2) of Lemma [2.121 

Assume now that dM{lC) = 1 for some invariant space 1C C H^ 0 C^. Clearly, 
/C C {SIC) n Al, so we it suffices prove the opposite inclusion. Consider a vector 
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h G (®^) n so there exist G H°°, il) G H°° \ {0}, and k € 1C such that 
h = (ip/ip)k. Factor = V'lV'z, where ijji is inner and 1^2 is outer. We have 

'*/’iV' 2 h = iph = ipk ClC, 

and therefore ' 02 ^ G /C by Lemma |2.12l Since 02 is outer, there exists a sequence 
{un}'^=i C H°° such that lim„_,.oo Un 02 = 1 in the weak* topology of H°°. This 
implies that lim„_,.oo Un'4>2h = h in ® C^, and therefore h G 1C. □ 

The following result is useful when we want to replace a linear combination with 
coefficients in S into another one with coefficients in iL°°. It is a stronger property 
which cyclic vectors for an operator of class Co have. 

Lemma 2.15. Consider an operator T of class Cq on a Hilbert space H, a cyclic 
vector h G H. for T, and an inner function oj. For every vector k G H there exist 
functions ct, ft G H°° such that /3 A w = 1 and a{T)h = (5(T)k. 

Proof. Let S{9) be the Jordan model of T, and let X : H ^ Td{9) be an injective 
operator with dense range such that XT = S(0)X. li a,(5 G H°°, we have 

a{S{9))Xh = Xa{T)h, /3(5(6»))Afc = Xl3{T)k. 

Th equality a{T)h = fd{T)k is equivalent to 

(2.4) a{S{9))Xh = P{S{9))Xk 

because X is one-to-one. Since Ah is a cyclic vector for S{9), this observation 
shows that it suffices to prove the lemma when T = S (9). In this case the functions 
h,k G can be written as h = {3/j and k = a /for some functions a, 0 ,7 G 
such that 7 is outer. The equation (1231) is satisfied with this choice of a and 
/3. Moreover, the fact that h is a cyclic vector for S{9) amounts to the equality 
/3 A9 = 1. Equation (j2.4p remains valid if 0 is replaced hy (3 + t9 for some scalar 
t G C. It is known [31 Theorem III. 1.14] that for f in a dense Gs set, we have 
{/3 + t9) A Lv = 1. The lemma follows. □ 

We continue with one useful result from intersection theory. Consider an arbi¬ 
trary held J) and a vector space L over 'S of dimension TV < -l-oo. Given an integer 
r G {1,2,..., A}, the Grassmann variety G(L,r) consists of all vector subspaces 
M G L oi dimension r. A complete flag in L is a collection 

f = {fo C fi C ••• C Sn} 

of subspaces of L such that dim^ {£i) = i for i = 0,1,..., N. Assume that f is a 
complete hag and 

I = {ii < i2 <■■■< ir} 

is a subset of {1,2,..., A}. The Schubert variety &{£,!) is the subset of G{L,r) 
consisting of those subspaces M for which 

dim- 3 {M G£iflj > X, x = l,2,...,r. 

The Littlewood-Richardson rule provides a test to determine whether the intersec¬ 
tion of three Schubert varieties &{£,!), &{IF,J), and &{Q,K) is nonempty. More 
precisely, assume that the three sets I,J,K C {1,2,..., N} satisfy the equation 

r 

+jx + kx - 3a;) = 2r{N - r). 

X — 1 
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Then one associates to the triple {I,J,K) a nonnegative integer cjjk with the 
property that 

(2.5) <5{£,I)f^G{F,J)r^G{g,K) 

contains generically cijk elements in case 2) is algebraically closed. For general 2), 
one can still state that the intersection (1^ contains at least one element when 
cijK = 1; see [9]. 

3. Invariant subspaces related to Schubert varieties 

In this section we fix an operator T of class Co with finite defect numbers. As 
seen above, we can assume that T = S{Q), where 0 is an inner function with values 
N X N matrices. The Jordan model of T has the form S{9n), where it may 

happen that the last few functions are constant. Denote by /ii,/i 2 ,...,/in a 
Co-basis for T, where /i„ = 0 if 9n is constant. We study invariant subspaces for T 
of the form where TZ C is an invariant subspace for S ® Jew 

such that d{Tl,) = 1. For the remainder of the paper, 2) denotes the field of fractions 
of H°°. 

Lemma 3.1. Fix m, r S {1,2,..., A^} such that r <m. Assume that Q C is 

a D-vector space of dimension r contained in the D-linear span of {hi, /i 2 , ■ • ■, h^}, 
set TZ = Q n {H'^ ® and K, = [P-^(q-^TZ]~ . If the Jordan model of T\IC is 

0n=i S{an) then 9 m ■ 

Proof. Observe that {S (g) Icn)\TZ has cyclic multiplicity r. Projecting onto /C a 
cyclic set for {S^Icn)\TZ yields a cyclic set for T|/C, and therefore HT\n < f. Thus, 
indeed, the Jordan model of T\TZ consists of at most r summands. The lemma is 
vacuously satisfied if 0m = !> so we assume that is not the case. We show next that 
it suffices to prove the lemma in the special case m = N. Denote by £ the ID-linear 
span of {hi, / 12 , • • ■, hm}, and set 

£+ = £n{H^ ®C^), V = {S®Icn)\£+. 

The operator A = satisfies the intertwining relation 

AV = TA, 

and therefore the restriction B = A|P', where H' = £+ Q ker(A), intertwines the 
compression T' of V to H' and T, that is 

BT' = TB. 

Moreover, B is one-to-one and its range contains /ii, / 12 , • ■ •, hm- It is easy to see now 
that T' ^ S{9n). Indeed, T' is an operator of class Co{m) so its Jordan model 

contains at most m summands S{ipn), and (pn\9n because T' is quasisimilar to a 
restriction of T. On the other hand, n = 1,2,... ,m, because the restriction 

of T to its invariant subspace generated by {/ii,/i 2 , • ■ ■,/im} is quasisimilar to a 
restriction of T'. Set now P' = QniS+ and JC = [P-hiTZ']~. We have BK,' C JC and 
therefore the Jordan model 0))^i 'S'('Tn) of T'|/C' satisfies a'.^\an for n = I, 2,..., r. 
It suffices therefore to show that 0m|ci(.. This concludes our reduction to the case 
m = N. 

Represent the space TZ as 
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for some inner N x r matrix ip. As noted in Lemma [2. 141 is quasiequivalent to 
the constant matrix J representing the inclusion C’' C C^. Fix square matrices 
X, Y over such that 

= YJ 


and det(A) A 9n = det(F) A = 1, and denote by = F(1 i8) e„) £ TZ, n = 
1,2,. .. ,r, the columns of Y. We claim that, given functions ui,U 2 , ■ ■ ■ ,Ur £ H°° 
such that 

r 

'^Un{T)P-u(e)yn = 0, 

n—1 

it follows that 0Ar|un for n = 1, 2,..., r. Indeed, the relation above is equivalent to 
Sn=i ’’^nUn £ 0 C^]. We use now the fact that 9^ divides all the entries 

of 0 to conclude that 


1 

9n 






Multiplying by we see that 


det(F) 

9n 


Un®en £ H'^ ® C’'. 

n—1 


The relation 6*Ar|M„ follows because det(F) A = 1. The conclusion of the lemma 
follows by showing that T|/C has a restriction quasisimilar to 


S{9n)(BS{9n)®---®S{9n). 

' -V-' 

r times 


Indeed, denote by ipn an inner function satisfying 


= {V- G iJ- : ^{T)Pnie)yn = 0}, n = 1,2,.. 


The invariant subspace /C' C /C for T generated by the vectors 


r. 


kn = {tpn/9N){T)P-u(e)yn, n = l,2...,r, 

is such that 

T|/C' - 3(9^) 0 S{9n) 0 • • • © Si9N) ■ 

' -V-' 

r times 

This is seen by noting that ki,k 2 , ■ ■ ■ ,kr for a Co-basis for T|/C'. □ 


Lemma 3.2. Fix m,p,r £ {1,2,..., N} with r < p < N — m, let Q dl) ® be 
a subspace of dimension r, and let zi, Z 2 , ■ ■ ■, Zj. £ Q be given by 

m+p 

^ ^ ^ ■ 7 ^7 

n—1 

where all the coefficients ui^n are in H°°. Set TZ = Q D {H^ 0 C^), and X = 
[Pf{( 0 ')TZ]~. Assume that: 

(1) 9m+i = 9 m +2 = • ■ ■ = 9m+p and 9ml9m+i is not constant. 

(2) Every nonconstant inner factor oj of 9m+i satisfies w A {9m/9m+i) ^ 1- 

(3) The Jordan model ofT\X is 

S(9m+l) 0 S(9m+l) 0 • • • © S{9jn+l) ■ 

'---^ 


r times 
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(4) The vectors wi = £ = 1, 2,..., r, form a Co-basis for T\IC. 

(5) The set consisting of all inner functions of the form 



"*^1 ji 

J2 

■ ■ ■ WlJ. 


9n A det 

“2ji 

“2j2 

• ■ ■ U2,j, 

5 



^S,j2 

1 


where s G {1, 2,..., r} and n,ji,j 2 , ■ • 

■Cs G{1,2 

.., N}, is totally ordered 


by divisibility. 

Then there exist integers m + 1 < ji < j 2 < • • • < jV < w + P such that 

^ ^m+l = 1- 

Proof. The hypothesis implies that 0j„+i(T)xi;^ = 0 or, equivalently, 

m+p 

Om+iiT)ue^n{T)hn = 0, £ = 1,2,..., r. 

n—1 

Since {hn}^^i form a Co-basis for T, we conclude that 9n\dm+iue^n for all n, in 
particular ui^n is divisible by Om/Qm+i for n = 1, 2,..., m and £ = 1, 2,..., r. Let 
s G {0, 1 ,..., r} be largest with the property that there exist 


ji < j2 < ■ ■ ■ < js <mPp 


such that 

det['U£^jy,]^^^_2^ A ^771+1 = 1, 

and assume to get a contradiction that s < r. Consider indeterminates , ^2 > • ■ • , Cs-i-i 

and write the determinant 


^1 ji 

^ 1,12 

Ul,3s 

a 


^2.ii 

«2j2 

U2,j, 

a 

s+l 





= y] 


^S,j2 


a 

i=l 

Us+l,ji 

'^S+l,j2 

‘ '^S + l,Js 

a+i 



The coefficients at G are determinants of size s, and 


(3.1) 


Q^s+1 ^ ^m+1 — 1- 


The vector 


s+l m+p 

-2 = aCZt = Pnhn 
t=l n=l 


has coefficients 


s+l 

Pn ='^aiui^n, n=l,2,...,N, 
e=i 

which are determinants of order s -I- 1. Note that + = 0 if n G {ji, J 2 , ■ ■ ■ ,is} 
and OmfOm+i divides + for n G {1,2,...,to}. For other values of n, the func¬ 
tion Pn A 6 m+p is not constant by the definition of s. Conditions ([2]) and ([5|) 
imply now that there exists a nonconstant inner function w such that a;|+ A 9m+i 
for all n = 1, 2,..., to -I-p. Thus the vector zjui belongs to Q fl {H^ 0 C'^), 
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and therefore P^( 0 )(z/ct;) € JC. This in turn implies that Py^(^Q^[{ 6 m+i/uj)z] = 
9 m+iiT)Pn{ 0 )iz/uj) = 0 , so 

n j- n 

C'm+l rrr2^/r'iVi 

- z=} - aize G Me[H (g)(L L 

LO “ LJ 


Y,iOm+i/uj){T)ai{T)wi = 0 . 
e=i 

Assumption (|3]) implies that 0m+i|(0m+i/w)a^, that is, w|a^ for £ = 1, 2,..., s + 1. 
This however contradicts en) when £ = s + 1 , thus concluding the proof. □ 

Define to be the S-linear span of {/ii,/ 12 ,...,/i„} when 1 < n < A^ and 
hn 7 ^ 0. The nonzero vectors hn are linearly independent over 3 because they 
from a Cq basis for T, and therefore dimj) 8 ^ = n. This sequence of spaces can 
be supplemented to form a complete flag £ by defining appropriate spaces £n of 
dimension n when = 0 . 

Lemma 3.3. Assume that n G {1, 2,... ,N} is such that ^ 1. Then 

[Pnie){SnniH^ ®C^))]- 

is equal to the smallest invariant subspace for T containing the vectors /ii, / 12 , • • •, 

Proof. Clearly the space M = [P'H(e)(f„ fl (g) C^))]“ contains the vectors 
hi, h 2 , ■ ■ ■, hn- To conclude the proof, it suffices to show that these vectors form 
a Co-basis for T|Af. The operator T\A4 has multiplicity at most n, as seen at 
the beginning of the proof of Lemma 13.11 Thus the Jordan model of T\M is of 
the form with ipj\0j for j = l,2,...,n. On the other hand, 0j\(pj for 

j = 1, 2,..., n because M contains the subset {hi, h 2 , ■ ■ ■, /i„} of the Cp-basis of T. 
The conclusion follows immediately from Proposition [7^ □ 

Proposition 3.4. Fix a positive integer r < N, a subset 

I = {ii <i 2 < ■■■ <ir} C {1,2,... ,N}, 

and a subspace Q € &{£,!). Set TZ = QCi {H^ ^ C^) and 1C = [P'fi(^Q')TZ]~. Then: 

(1) The space K, is invariant for T = S{Q), and T|/C has cyclic multiplicity 
less than or equal to r. 

( 2 ) If the Jordan model ofT\lC is S{j3i) ® S{j 32 ) 0 • • • © S{(3r), then 9i^ divides 
Px for x = 1 , 2 ,...,r. 

(3) If Px = Sia: for all X = 1 , 2 ,... ,r, then K, has a T-invariant quasidirect 

complement C in 7t(0) such that T\C S{9i). 

Proof. We recall that S'© Jcw|7?. is a unilateral shift of multiplicity r, and therefore 
it has cyclic multiplicity r as well. Projecting onto TL{&) a cyclic set of r elements 
for S© /c'vKQ O © C^)) we obtain a cyclic set for S(0)|P, and this yields (1). 

For the proofs of (2) and (3) we need some preparation. For each x £ {1, 2,..., r}, 
choose a subspace Qx C Qn such that dim^ Qx = x. The subspace TZx = 
Qx n © C^) is invariant for S © Icn , and (S © Icn)\TZx has multiplicity equal 
to X. Also set tCx = [Pu{ 0 )TCx\~ ■ When r > 1, we may assume that 

(3.2j Qx C- Qx+i) thus IZx CZ and ICx CZ /Cx-i-i, x — 1, 2,..., r 1. 
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To prove (2), it suffices to consider the case when 9i^ ^1. Denote by 

5(/3n © ) © • • • © S{P%) 

the Jordan model of T\lCx, x = 1, 2,..., r. An application of Lemma lJ.ll to the space 
Qx shows that and (2) follows because ICx C ICr — 1C and thus /3^|/3^ = /3x- 

As we observed above, we have 

If the hypothesis of (3) is satisfied, that is, Px = for x = 1, 2,..., r, we must 
have 

j = l,2,...,a:, 

for a: = 1, 2,..., r. Thus the Jordan model oiT\lCx is precisely 

5(0*J © © • • • © 5(0,J 

for a;S{l,2,...,r}. The case in which 9i^ = 1 reduces to the same statement with 
r replaced by r — 1, and therefore an inductive argument allows us to assume that 
9i^ ^ 1 for the remainder of the proof. A repeated application of Proposition 12.41 
shows that we can find vectors 


ICl € ICi,W2 € IC 2 , ■ ■ ■ ,Wr £ ICr = JC, 

such that {wi, W 2 , ■ ■ ■ ,Wx} is a Co-basis for T\ICx, x = 1,2,... ,r. Moreover, we 
may assume that these vectors are of the form 


(3.3) Wx — ^ ^ ^ 

7=1 


where all the Uxj £ H°°. This can be seen as follows. We have 
/C. C [P«(e)(5*. n(ij2®C'^))]-, 


and according to Lemma 13.31 the space on the right is the invariant subspace for T 
generated by {hi,h 2 , ■. ■ ,hi^}. Denote by Hi the cyclic subspace for T generated 
by hi, and let 

ix 

^ ^ [Pne)i£^. n {H^ © c^))]- 

7=1 

be defined by 


A 




7=1 


Vj £ T~Lj, j — 1,2, ...,ix. 


An application of Proposition l2.10l shows that the vector Wx can be chosen to belong 
to the range of X, thus Wx = for some vectors Vj £ Hj, j = 1,2,..., ix- 

Lemma P2.15I provides functions {oj,© H°° such that Oj A 0i = 1 and 
aj(T)vj = Pj(T)hj for j = 1,2,... ,ix. The vector Wx can then be replaced by 
a{T)wx, where a = aia 2 • ■ ■ ai^, and this vector satisfies (13.31) with Uxj = Q-Pj, 
j = 1,2,... ,ix. For convenience, we write Ux.j = 0 if j = ix + 1,... ,N. Observe 
also that the condition 0^^ {T)wx = 0 is equivalent to 


S'a; 

Y.(^^AT)uxAT)hJ=0 

7=1 
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and the fact that is a Co-basis for T implies that 0j\6i^Ux,j for j = 

1,2,..., la:. In other words, 

% I 
^ix 

At this point we need to make a reduction to a special case, namely, we can 
assume that the collection consisting of all inner functions of the form 


j = l,2,...,ia,,a; = l,2,...,r. 



'ai.ii 

^lj2 

• • WI.P’ 

0j A det 

W2.J1 

“2j2 • 

■ • U2,j, 


T'Bji 




where 1 < s < r, 1 < j < A^, and 1 < ji < j 2 < ■ ■ ■ < js < N and of the inner 
functions 

0j/0j+i, n=l,2,...,iV-l, 

is totally ordered by divisibility and, for every nonconstant inner factor w of 0i we 
have u! A0j ^ 1, j = 1,2,..., A^—1, unless 0j itself is constant. This is accomplished 
as follows. Use Lemma to find a decomposition of 0i = ttit into a product 

01 = 7 i 72 •■•In 

of relatively prime inner factors with the property that the collection consisting of 
all inner functions of the form 



1_ 


1- 

je A 0j A det 

“2,ii 

^2,j2 • 

• U2,j, 






where 1 < s < r, 1 < j < A^, and 1 < ji < j 2 < ■ ■ ■ < js < N and of the inner 
functions 

7M(0,/0,+i) ,j = l,2,...,fV-l, 

is totally ordered by divisibility, and such that condition (2) of that lemma is 
satisfied as well. Setting = 0iht, Proposition 12.71 shows that it suffices to 
show that [r^(r)7?.]“ has an invariant quasidirect complement in [r^(r)H(0)]“ for 
£ = 1, 2,..., n. In order to do this, we replace T\ [r^(T)H(0)]“ by a quasisimilar 
operator as follows. Define ® —>• [r^(T)H(0)]“ by setting 

Aih = 

We have = A^(S'i8)Jcn), so that the injective operator i3^|[(iL^(g)C^)0ker(A^)] 
satisfies 

TBi = BiTi, 

where Te is the compression of S' ® Jew to Be = {H"^ ® C^) © ker(A£). It fol¬ 
lows immediately that Te is an operator of class Co and, since the range of Be 
is dense in [r^(T)P(0)]“, Te is quasisimilar to T|[r^(T)P(0)]“. The vectors 
P'Hehi,P'Hih 2 ,..., Pue^N form a Co-basis for Te because the vectors 

BePuehj = Te{T)hj 

form a Co-basis for r|[r^(T)'H(0)]“. Define next a subspace /C^ C Be as the 
invariant subspace for Te generated by P-h^Wx^ x = l,2,...,r. Then [BeBf']~ = 
[r^(r)/C]“ and the vectors P-UiWx, x = l,2,...,r form a Co-basis for Te\lC^. We 
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see that it suffices to show that K,^ has an invariant quasi-complement in T-Li. The 
spaces /C^ and T-Li are entirely analogous to the original spaces K, and Ti., and they 
have the additional divisibility properties outlined above. Of course, 6 *^ A 7 ^ = . 

Thus it suffices to prove (3) under these additional divisibility conditions. This 
is accomplished by showing that the vectors {wxY^^i and a set T C of 

cardinality N — r form a Co-basis for T. The quasidirect complement of /C is then 
the invariant subspace for T generated by F. Divide the functions into 

equivalence classes, that is, find integers 0 = rp < ri < r 2 < • • • < rp = r such 
that 6i^ = when Vk-i < x < and 1 < i < p, but is not constant 

if a; = Tfc, 1 < fc < p. We apply Lemma [22] to the S-vector space generated by 
{'^xVxtrk-i+i obtain indices {jmVY=rk-i+i property that 9j^ = 9i^^ 

for Tk-i -l- 1 < m < "Cfe, and the function 

is relatively prime to 9i ^^, and therefore to 9i because of the divisibility assumptions 
we made about 0i, 02, ■ ■ ■, The proof of (3) is now completed by showing that 
the set 

A = U {hj : j i {ji, j2, ■ ■ ■, jr}} 

is a Co-basis for T. In other words, this basis is obtained by replacing each hj^ by 
the corresponding vector w^. It is clear however that the set A is obtained from 
the Co-basis by the process described in Corollarv l2.6l This concludes the 

proof of (3) and of the proposition. □ 

The preceding proposition shows that, for certain flags £ and for spaces Q £ 
&{£,!), the invariant subspace A4 = [T’-H(e)(Q l~l {H^ ® C^))]“ has the property 
that T\M. has a ‘large’ Jordan model. Next we produce flags £ with the property 
that the Jordan models of operators of the form T\M are ‘small’ if Q £ &{£,!)■ 
Some preparation is needed first. 

Lemma 3.5. Consider a factorization 

0(A) = 0"(A)0'(A), A £ D, 

where 0' and 0" are inner functions. Write 

®n", 

where 

n' = Me" [H^ 0 C^] © Me[H^ © C^] = Me"'H{Q') 

is T-invariant and %" — 7^(0"). Let Q cD ©C^ be a Jit-vector space, and define 
invariant subspaces 

M = [Pnie)iQn{H^0C^))]-, 

M' = [Pn'{.Qr\Me"[H^OC^])]-, 

M" = [Pn"{Qr\{H^®C^))]-, 

for T, T' = TlH', and T" = Pki"T\T-l", respectively. Then we have 
M" = [Pw’M]- and M' = Mr\ W. 
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Proof. The first equality and the inclusion 

M' c Mnn' 

follow directly from the definitions of and A4". For the opposite inclusion, 

note that the set of vectors h' € MCiH' of the form for some q G Qri{H^ 0 

C^) is dense in fl 'H' by ProDOsition l2.10l Consider such a vector h' = Py^(^Q'^q, 
and observe that q — h' € Mq [H'^ ® C'^] so that 

g G + Me [Ff^ O C^] C Mq" [H^ ® C^]. 

It follows that h' G M', and this concludes the proof. □ 

The preceding lemma is applied in the proofs of Proposition Id.71 and Theorem 
14.11 For the first application, we recall that any inner multiple w of 9i is a scalar 
multiple of 0, that is, there exists an inner function such that 

(3.4) 0(A)fI(A) =a;(A)/civ, A G D. 

Of course, the operator 8 ( 00 I^n) is unitarily equivalent to the orthogonal sum of 
N copies of S{u)). 

Lemma 3.6. Let uj G H°° he an inner multiple of 9i. Then there exist hounded 
vectors yi,y 2 , ■ ■ ■ ,yN G O such that: 

(1) , Pn{uji^ff)yN form a Co-basis for S{uj) O Ic^ , 

(2) P'H( 0 )yi,Pn( 0 )y 2 , ■ ■ •, P-H( 0 )yN form a Co-basis for T = S{Q), and 

(3) P'HiujI^ff){dNyN), P-Hiuii^M)i^N-iyN-i), ■ ■ ■, Pniuii^M)i^iyi) /o™ « Co-basis 

for the restriction of S ® I^n to Mq [H'^ 0 C'^] © ® C'^]. 

Proof. Denote by 0' the diagonal matrix with diagonal entries 9i,... ,9^. As noted 
earlier, 0 and 0' are quasiequivalent. Choose N x N matrices X,Y over such 
that QX = YQ' and det(Al) A uj = det(y) A a; = 1, and let yj = y(l © Cj), j = 
1,... ,N, be the columns of Y. We claim that these vectors satisfy the conclusion 
of the lemma. Indeed, (2) follows from Lemma [211] while (1) follows from the same 
lemma because (w © Ic^)Y = F(w © Iqn). Finally, we observe that the vectors 
PH{i.L}if.N)^^jyj) belong to Me[i7^©C^]0[wi7^©C^] because 9jyj = 0A(l©ej) for 
j = 1,... ,N. Moreover, these vectors form a Co-basis for the S{uS) ©/piv-invariant 
subspace M. they generate. To conclude the proof of (3) we need to show that 
Xi = Mq [H^ © C^] 0 \ujH‘^ © C^] and for this purpose it suffices to verify that 
the restrictions of S{ijj) ® Iqn to these two subspaces have the same Jordan model. 
This follows from the main result of [1]. □ 

For our result on ‘small’ invariant subspaces, we fix an inner multiple lo G H°° 
of 9f, a sequence {ynfn^i satisfying the conclusion of Lemma and denote by 
fF the complete flag in S © defined by letting fPn be the space generated by 
{vn, Vn-i, ■ ■ ■, J/Af-n+i} for n = I, 2,..., A. The choice of ui insures that all the 
functions uj/9n are divisible by 9i. 

Proposition 3.7. Fix a positive integer r < N, a subset 

/ = {fi < f2 < • • • < A} C {1, 2,..., N}, 

and a subspace Q G &{fF,I). Set TZ= Qf] {H^ ©C'^) and K. = [P-^(^Q'j^^\~. Then: 
(1) The space /C is invariant for T = S{Q), and T\X has cyclic multiplicity 
less than or equal to r. 
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(2) If the Jordan model ofT\K is S'(ai) © iS'(q; 2 ) © • • • © S'(ar), then ax divides 

for x = 1,2,...,r. 

(3) If ax = 0N+i-ir+i-x foi' all X = 1,2, ...,r, then K. has a T-invariant 
quasidirect complement C in 7^(0) such that T\C ^ 

Proof. Using (13.41) and the notation in Lemma 13.51 with lvI^n , U, 0 playing the 
roles of 0, 0', 0", respectively, we have K, = At". Continuing with that notation, 
we claim that the compression of S' © I^n to the space At has Jordan model 

S(w) © S(w) © • • ■ © S(a;). 

'-V-^ 

r times 

Indeed, apply Proposition 13.41 with S{uj) © Ic^ in place of T to deduce that this 
Jordan model has the form S( 7 i) © ^( 72 ) © • • • ® S( 7 r) where all the functions 7 ^ 
are divisible by w. However, these functions must also divide the minimal function 
of S(w) © l£N which is uj, and therefore 7 ^ = w for j = 1, 2,..., r. 

Next we observe that 


r = Siuj) © IcN I [niuj) © C^] © -^(0) 
is an operator of class Cq with Jordan model 

S{uj / On) (B S{u}/9n—i) ©•••©S(a;/di), 


where the summands are written in this order so that this is a Jordan operator. 
Indeed, this follows from [4] . We can now apply Proposition 13.41 with T' and 
{S © I£n)\Mq[H'^ © C^] in place of T and S © I^n to deduce that the Jordan 
model of T'|AI' is of the form 5'(/3i) © 5'(/32) © • • • © S{l3r) with the property that 
uj/0N+i-i,r divides Px ior x = 1,2,..., r. It follows from [3] that the Jordan model 
of the compression of T to JAqM' has Jordan model ^(ai) © 5'(a2) © • • -(BS^ar), 
where ar+i-xPx = oj for x = 1,2,... ,r. We deduce that Or+i-x = fix divides 


UJ 

OjfON+l-i,^ 




or, equivalently, axl^^w+i-i^+i-x for a; = 1, 2,..., r. Parts (1) and (2) of the state¬ 
ment follow now once we prove that T| At" = T|/C is quasisimilar to the compression 
of r to AI © Af'. In fact, an operator X which is one-to-one with dense range and 
intertwines these two operators is obtained by setting X = P-H(e)|AI © Af'. The 
claimed properties of X follow readily from Lemma [231 

Assume finally that Ux = 6*Ar-i-i-v+i-i for x = 1, 2,..., r. We have then fix = 
ujfON+i-x for a; = 1, 2,..., r. The proof of Proposition 13.41 31 can now be applied 
with T' in place of T and © C^] in place of © C^. Following that 

argument, and recalling that P'nfON+i-j'yN+i-j) form a Co-basis for T', we first 
produce a Co-basis wi,W 2 ,... ,Wr for r'|AI' such that 


N 

Wx = Pw'^UxjOjyj, X = l,2,...,r, 

with J2f=i'^x,j0jZj € Q, coefficients Uxj G II°° such that Uxj = 0 for j = 
1,2,..., N + 1 — ix and 9N+i-i„,/0j divides Uxj for j > N — ix. We now ap¬ 
ply a reduction which allows us to assume that a family of inner functions is totally 
ordered by divisibility. We partition I into subsets h, I 2 , ■. ■, Ip with the property 
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that 9N+i-i = ON+i-i' if and only if i and i' belong to the same Ik, and apply the 
arguments in the proof of Proposition 18.41 to find minors of the form 


det [uxj]N+i—xeik,N+i—jeJk 

which are relatively prime to 9i. Here Jk and Ik have the same cardinality, and 
for i € Ik and j G Jk- The functions 

'^X 


'^x.i — 




belong again to H°°, and thus we can define vectors Wi,W 2 , ■ ■ ■ ,Wr G 'H(0) by 
setting 

N 

Wx = PHi 0 )'^Vxjyj, x = l, 2 ,...,r. 

Since J2f=i '^xjUj G Q, these vectors actually belong to M" = 1C, and they form a 
Co-basis for T\IC. The argument is now concluded by observing that the set 

U ■ J C {1, 2, . . . , N} \ J' 

is a Co-basis for T, so that an invariant quasidirect complement for /C is generated 
by the vectors 


P'H{e)yj : j € {Ij 2,... ,iV} \ [J Jg > . 
, 9=1 J 


□ 


4. The Horn inequalities 

In this section we consider an integer N and three sets I, J,K C {1,2,. 
each containing r < N elements, such that = 1, where 

J= {7V+1 - j : j G J}, K = {N+l-k:kGK}. 

The Horn inequalities associated with such triples of sets are sufficient to imply all 
the Horn inequalities associated with sets I, J, K such that > 0 (see [T] or 

m)- Our main result is as follows. 

Theorem 4.1. Assume that T is an operator of class Co on %, H' is an invariant 
subspace for T, %” = T-LqH' , and 


is the matrix of T corresponding to the orthogonal decomposition H — H' (B H". Let 

0 0 0 s{e'f) 

l<n<W l<n<W l<n<W 

be the Jordan models ofT,T', and T", respectively. Let I,J,K C {1,2,...,TV} 
be sets of cardinality r < N such that c^j- = 1. Then there exists an invariant 
subspace A4 for T with the following properties. 

(1) The cyclic mutiplicity ofT\A4 is at mostr, and its Jordan model S{Px) 

is such that 9i^ \ j5x for x = 1,2,..., r. 

(2) The Jordan model 5'(/3{,) o/T|A4', where M' = A4 fTH' is such that 

for x = 1 , 2 ,..., r. 
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(3) The Jordan model ^iPx) ofT\M", where JA" = Pw'M., is such that 

PxWk X = 1,2,... ,r. 

(4) nLi>. = 

We conclude that 

ri". n‘';n« 

ie/ iGJ k^K 

V IliG/ — HjGJ YikeK Q'l then A4 {respectively, A4',A4") has a T-invariant 
{respectively, T'-invariant, T"-invariant) quasidirect complement inTL {respectively, 
%,%"). 

Proof. The key case to consider is that in which T has cyclic multiplicity at most 
equal to N. In this case we can replace T by any operator of class Cq which 
is quasisimilar to it. Indeed, quasisimilarity between operators of class Cq with 
finite multiplicity allows one to identify their lattices of invariant subspaces (see 
[31 Proposition VII.1.21]). We can then assume that T = S{<d), where 0 is 
an X inner function, H = H(0), TL" = ^(0"), and H' = Mq»'H{Q') 
for some inner factorization 0 = 0"0'. Propositions 13.41 and 13.71 allow us to 
choose three complete flags £,P,G in = S) ® such that, given a space 
Q G &{£,!) (respectively, &{P, J),&{G,K)) the restriction of T (respectively, 
r,T") to [Pn{Q n {H^ ® C^))]- (respectively, [Ph'{Q n Me„{H^ ® C^))]", 
[Pn"iQ£'{H^ <A>C^))]~) has Jordan model *S'(/3a;) (respectively, 0^=i S'(,5(,), 

0Li‘5'(/3")) satisfying (respectively, for a; = 1,2,...,r. The 

assumption that c^j— = 1 implies now that we can find a space Q in the intersection 

&{£,!) n&{p,j)ns{g,K), 

and this yields immediately statements (1), (2), and (3). Statement (4) follows from 
[31 Theorem VI.3.16] and the fact that T"|A4" is quasisimilar to the compression 
of T\M to the space M © M'. If Jlie/ Wk^K then, of course, 

/3a, = , /3(, = 9'j^, and /3" = 0" for a: = 1, 2,..., r, and the existence of invariant 

quasidirect complements follows from part (3) of Propositions 13^ and [3T71 

We consider next an operator T of class Co with finite multiplicity N' > N. This 
case reduces to the previous one as follows. The sets I, J,K are also contained in 
{1,2,..., A^'}, and setting 

J = (Ai' + 1 - j : j G J}, K = {N' + l-k:k€K}, 

we still have Cj-jj^ = 1. (This fact is verified using the Littlewood-Richardson rule 
for partitions. More generally, Cj-jj^ = c^.™, see mm) Therefore the preceding 
argument works simply replacing by A^b 

Finally, assume that T has infinite multiplicity, and consider quasidirect decom¬ 
positions 

n= V Un, %'= V K. V 

l<n<t^ l<n<N l<n<N 

into invariant spaces for T,T',T", respectively, such that Tj'Hn ^ S{0n), ^ 

S{9{f), and ^ S{9'f) for all n < K. The invariant subspace TL for T generated 

by the spaces for 1 < n < V has the property that T\'H has finite 

multiplicity. We can therefore apply the theorem, already proved for the case of 
operators with finite multiplicity, with TjH in place of T, H' = TL' HH in place of 
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7i', and 'H" — T-LQH' in place of T-L". We obtain a T|'H-invariant subspace M CH 
which satisfies requirements (1-4) of the theorem. Indeed, the first N functions in 
the Jordan model of TlH are still 01,02, ■■■, 0n, and similar observations hold for 
Tin' and the compression of T to T-L". It remains to verify the final assertion of 
the theorem. Assume therefore that Hie/ — rijgj ^'j rifcg/f 0'^. We already know 
that M has a T|'H-invariant quasidirect complement in Ti. Setting N' = 
there exists a quasidirect decomposition 

N' 

n=\J Un 

n—1 


into invariant subspaces for T such that TlT-Ln ^ S{0n) for n = 1, 2,..., TV, and 

M = \/n,. 


i^I 


Proposition 12.41 allows us to construct an invariant subspace C for T such that 


N 


'H = cv\/nn, jcr\ 


n—1 


N 


V 


n—1 


= { 0 }. 


An invariant quasidirect complement for A4 is then given by 

Cvy-Hn. 

n^I 


Similar arguments show the existence of invariant quasidirect complements for A4' 
and M". □ 


5. Operators on nonseparable spaces 

With the notation of Theorem 14.11 we show that 0/sl0'^0'^ for ,5 > Hq. This 
relation can also be established by exhibiting an appropriate invariant subspace for 
T, but in this case the subspace can be chosen to be reducing for T, as well as for 
the invariant subspace H' . 

Theorem 5.1. Assume that T is an operator of class Co on T-L, T-L' is an invariant 
subspace for T, T-L" — 'HQ'H', and 


is the matrix of T corresponding to the orthogonal decomposition T-L = T-L' (B T-L". Let 

0 0 S{0'J, 0 S{0'f) 

l<n<W l<n<W l<n<W 

with be the Jordan models ofT,T', and T", respectively. Fix an ordinal /3 > Hq. 
There exist separable reducing spaces M, A4', M" for T,T',T", respectively, such 
that M = M' © M” and the Jordan models of T\M, T'|AI', and T"\M" are 
orthogonal sums of countably many copies of S{0ij),S{0'p), and S{0'p), respectively. 
In particular, 0p\0'p0'f. 
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Proof. We may assume without loss of generality that 6p ^1. Consider quasidirect 
decompositions 

%= V Un, n'= V K, n"= V K, 

l<n<H 

into invariant spaces for T,T',T", respectively, such that Tj'Hn ~ S{6n), T'\T~l.n ~ 
S{9'j^), and ~ S{9'f) for all n < H. Denote by D the cardinality of /3, and let K. 

be the smallest subspace of % which reduces both T and the orthogonal projection 
Pfii and contains all the spaces for n < H. Since D is transfinite and 

each T-Ln is separable, it follows that the space 1C has dimension at most D. Moreover, 
the first Hq inner functions in the Jordan model of Tj/C^ are equal to 0^, and similar 
statements hold for T'\'H' n IC^ and T"\'H" fl IC^. Indeed, the minimal function of 
T|/C-*- divides 9p because ^K:-L[Vcard(ri)>n^"] dense in /C^. On the other hand, 
the multiplicity of T| is at least H if is an inner function which does 

not divide 9p. Thus the Jordan model of T|/C"*“ contains at least D summands equal 
to S{9p). Choose invariant subspaces C,C',C'' for Tj/C^, T'\'H' C]1C^, HlC^, 

respectively, such that the Jordan models of the three restrictions are orthogonal 
sums of countably many copies of S'(0/3), 3(9'^), and 3(9'^, respectively. The desired 
space A4 is obtained as the smallest subspace containing £ U £' U C" which reduces 
both T and P-u/. We then define M' — Mny.' and M” = M r\ PL''. The space 
M is separable, and the Jordan model S((pri) satisfies <.pn\9p (because 

0/3 is the minimal function of T\]C^ and JC^ D M) and 0/3|(/9n (because AJ D £). 
Thus T\M. has the desired Jordan model. Similar arguments determine the Jordan 
models of T'\M' and T"\M". □ 


6. Comments on the inverse problem 


Let T be an operator of class Cq on PL, let PL' be an invariant subspace for T, 
set PL" = PL Q PL', and let 


be the matrix of T corresponding to the orthogonal decomposition PL — PL' (B PL". 
Assume further that 


(6.1) A= 0 ^(0„), J'= 0 3{9'J, J"= 0 ^(0"), 

l<n<^^ l<n<H l<n<H 


are the Jordan models of T, T' , and T" , respectively. We have seen that the 
functions {0n, 0n, 0n}i<n<N are subject to a collection of ‘inequalities’ of the form 
rije/ \ rijGj rifeGRT for some finite equipotent sets I, J,K C {1,2,...}, and 
also that 0„|0(j0" if n > Hq. Other necessary conditions are that 9'^\9n and 0"|0n 
for 1 < n < H. A natural question is whether these conditions on J, J', J" are 
sufficient for the existence of an operator T of class Co and of an invariant subspace 
PL' for T such that T ^ J , T\PL' ^ J', and P-^i^TlPL'^ ~ J". The answer is in the 
negative: if /tt < < oo we have 0„ = 1 for n > A and the models also satisfy 

the ‘determinant’ condition 

N N 

XlQn=Xl{9'Jf). 

n—1 n—1 
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In this special case (with = 1 if '^ > -/V), the relations outlined above are in 
fact sufficient for the existence of T and Ti' (see [HI [19] and, for the algebraic 
case, HD or |20] ). An appropriate substitute for the determinant condition has not 
been found in the case of infinite multiplicity. We argue that, at least, the problem 
reduces to the separable case. 


Proposition 6.1. Let J, and J" be Jordan operators given by (16.11) . Assume 
that: 

(1) 9n = di, 9'^ = 9'^, and 0" = 9” for all n < Hq, 

(2) 9'^\9n and 9"\9n for all n < H, and 

(3) 9n\9ndn for all n <'t^. 

Then there exists an operator T of class Co and an invariant subspaee TL' for T 
such that T J, T\n' ~ J', and Py^,±T\'H'-^ ~ J”. 


Proof. Define T = J on H = and TL' = where for 

every ordinal number written as n = m + k with m a limit ordinal and A: < Hg we 


set 


Hi 


{9n/9'^)H'^ 0 9nH^ if fcis even, 
{9n/9'ff}H‘^ Q9nH^ iffcisodd. 


It is easy to verify that these objects satisfy the requirements of the proposition. □ 


This proposition shows that there is no need for more elaborate conditions on 
the functions 9n for n > Hg. It also reduces the inverse problem, which remains 
open, to the separable case. 
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